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ABSTRACT
This paper proposes a solution algorithm for nonlinear structural analysis problems involving static
and/or dynamic loads based on the Lyapunov stability theory. The main idea is to reformulate the
equations of motion into a hypothetical dynamical system characterized by a set of ordinary
differential equations, whose equilibrium points represent the solutions of the nonlinear structural
problems. Starting from the Lyapunov stability theory, it is theoretically demonstrated that this
hypothetical dynamical system is characterized by a global convergence to the equilibrium points
for structural dynamics, i.e., the convergence is guaranteed independently of the selection of the
initial guess. This feature overcomes the inherent limitations of the traditional iterative
minimization algorithms and relaxes the restriction on the selection of the initial guess for various
structural nonlinear behaviors. Moreover, comparisons between the proposed algorithm and
regular Newton-Raphson algorithm are presented using several numerical examples from
structural dynamics. Finally, the scalability of the proposed Lyapunov-based algorithm is
discussed via adaptive switching of nonlinear solution algorithms at the problematic time steps.
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and/or dynamic loads based on the Lyapunov stability theory. The main idea is to reformulate the
equations of motion into a hypothetical dynamical system characterized by a set of ordinary
differential equations, whose equilibrium points represent the solutions of the nonlinear structural
problems. Starting from the Lyapunov stability theory, it is theoretically demonstrated that this
hypothetical dynamical system is characterized by a global convergence to the equilibrium points
for structural dynamics, i.e., the convergence is guaranteed independently of the selection of the
initial guess. This feature overcomes the inherent limitations of the traditional iterative minimization
algorithms and relaxes the restriction on the selection of the initial guess for various structural
nonlinear behaviors. Moreover, comparisons between the proposed algorithm and regular NewtonRaphson algorithm are presented using several numerical examples from structural dynamics.
Finally, the scalability of the proposed Lyapunov-based algorithm is discussed via adaptive
switching of nonlinear solution algorithms at the problematic time steps.

Introduction
In nonlinear structural dynamics, the standard simulation approach is nonlinear time history
analysis where the governing equations are commonly time discretized by implicit direct
integration algorithms, e.g. implicit Newmark integration [1], and then solved by nonlinear
solution algorithms. The most commonly used nonlinear solution algorithm is the regular NewtonRaphson (NR) algorithm where its local rate of convergence is quadratic [2]. It requires computing
and inverting the Jacobian matrix explicitly at every iteration, which may lead to excessive
computations. The modified NR algorithm holds the Jacobian matrix constant as the one from the
first iteration over the time step. It has a lower computational cost per iteration than the regular
NR algorithm but possesses only linear local rate of convergence. For both modified and regular
NR algorithms, the search directions can be improved by line search techniques [3] when a positive
1
2

Postdoctoral Scholar, Dept. of CEE, UC Berkeley, CA 94720 (email: benliangxiao@berkeley.edu)
Taisei Professor of Civil Engineering and Director of PEER, Dept. of CEE, UC Berkeley, CA 94720

Liang X, Mosalam KM. Development of a Robust Nonlinear Solution Algorithm for Structural Analysis.
Proceedings of the 11th National Conference in Earthquake Engineering, Earthquake Engineering Research
Institute, Los Angeles, CA. 2018.

definite Jacobian matrix is obtained. Therefore, this improvement may not always be the case with
degrading materials and analysis involving large displacements. On the other hand, Quasi-Newton
methods seek a compromise between the modified and regular NR algorithms by modifying the
Jacobian matrix with low-rank updates during the search for equilibrium, resulting in a superlinear
rate of convergence. An example of Quasi-Newton algorithms is the Broyden algorithm [4].
Accelerated Newton algorithm (e.g. [5]), also seeks a balance between the regular and modified
NR algorithms by matrix-vector operations.
One of the major drawbacks of the regular NR algorithm and its variants is that the
convergence performance is not guaranteed, i.e., the initial guess is important and needs to be
within the region of attraction of the solution point. In order to address this problem, the Lyapunov
stability theory is introduced. It is the most complete framework of stability analysis for dynamical
systems [6-7], which is based on constructing a non-increasing function of the system state
coordinates. This function serves as a generalized norm of the solution to the dynamical system.
Moreover, it can provide conclusions about the stability behavior of this system without actually
computing the system solution trajectories. Recently, the Lyapunov stability theory was applied
by the authors to investigate the stability properties of direct integration algorithms, e.g. implicit
Newmark algorithm, for nonlinear dynamic problems [8-12].
Based on the Lyapunov stability theory, this paper proposes a solution algorithm for
nonlinear structural analysis problems involving static and/or dynamic loads. Several recent works
that are similar in spirit to this algorithm development are applied to power flow problems [13].
The main idea herein is to reformulate the equations of motion into a hypothetical dynamical
system, whose equilibrium points represent the solutions of the nonlinear structural problem.
Moreover, starting from the Lyapunov stability theory, it is demonstrated that this hypothetical
dynamical system is characterized by a global asymptotic stability, i.e., convergence to the
equilibrium points of the structural dynamics.
The paper starts with a review of the governing equations of motion for structural systems
is given, followed by their solution search using the regular NR algorithm. The main part of the
paper, namely the development of Lyapunov-based nonlinear solution algorithm, is subsequently
presented. Through examples from structural dynamics, the numerical superior properties of the
proposed Lyapunov-based algorithm are verified and compared to those of the regular NR
algorithm. Finally, the scalability of the proposed algorithm is discussed and demonstrated by a
1000-degree-of-freedom (DOF) example using adaptive switching of nonlinear solution
algorithms at the problematic time steps.
Equations of Motion
For a structural system subjected to dynamic loading, e.g., earthquake excitations, the discretized
equations of nodal equilibrium for the nonlinear dynamic response of the structural system can be
written in the following residual form
 i 1  cu i 1  fi 1  pi 1  0
g ui 1   mu

(1)

where m and c are the mass and viscous damping matrices, and u i 1 , u i 1 , f i 1 and p i 1 are the

respective vectors of acceleration, velocity, restoring force and external force at the time step i  1
. Differences between direct integration methods are mainly introduced by the way they handle
Eq. 1, 2, and 3, where Eq. 2 and 3 correspond to the Newmark difference equations [1] for
displacement and velocity, respectively.
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where the parameters γ and  define the variation of accelerations over a time step, t . For
example, γ  1 2 and   1 4 represent constant average acceleration over the time step, while
γ  1 2 and   1 6 define linear variation of acceleration during the time step.
The regular NR algorithm is based on a linear approximation of the residual vector as
follows:

g  u k  u k 1   g  u k  

g
 uk 1 
u uk

The superscript k denotes the iteration number within one-time step and the matrix

(4)

g
is called
u uk

k

the system Jacobian matrix computed at u , which can be denoted as follows,
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where k T is the tangential stiffness matrix at u k . The algorithm starts with an initial guess, namely
k

u , and iterates with the following equations until a certain convergence criterion is met.
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It is noted that the modified NR algorithm replaces the tangent stiffness matrix J k by the constant

stiffness matrix J u 0  . Convergence of the regular NR algorithm relies on the selection of the
initial guess. Its convergence can be guaranteed only if the initial guess is within the region of
attraction of the equilibrium solution, which is generally unknown. Moreover, the quadratic rate
of convergence also hinges on a numerically consistent tangential stiffness matrix [14], which
maybe computationally expensive and difficult.

Lyapunov-Based Nonlinear Solution Algorithm
Consider the implicit Newmark integration algorithm [1] and reorder the Newmark difference
equations Eq. 2 and 3 as follows:
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Substituting Eq. 2 and 3 into Eq. 1 leads to the following:
i 1  cu i 1  fi 1  p i 1
gu i 1   mu
 

ui 1  ui    u i   1  1 ui 
 m
2
t  
 2
 
 t  
 

ui1  ui      1 u i  t    1 ui   fi 1  pi1
 c


 2
 
 t 

(10)

For the i+1 step, the responses of the previous step, i.e., i-th step, are constants. Therefore,
Eq. 10 can be further simplified as follows:
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and the corresponding Jacobian matrix is as follows:
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where k T is the tangent stiffness matrix at the i+1-th step. Considering a hypothetical dynamical
system and the corresponding Lyapunov function
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where Κ is symmetric positive definite, i.e., Κ  Κ T  0 , that affects the convergence rate of Eq.
13. The development of the hypothetical system in Eq. 13 is similar in spirit to the gradient decent
method used in the subjects of optimization and machine learning which takes steps proportional
to the negative of the gradient to find the minima. A sufficient condition for the system to be
asymptotically stable is vui 1   0 [6-7] where
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Figure 1. Development of the Lyapunov-based nonlinear solution algorithm.
Considering the Jacobian matrix J ui 1  to be well-defined, i.e., J ui 1   0 ,
T
J ui 1 KJ ui 1  is positive definite and therefore vui 1   0 where the asymptotical stability
condition of the hypothetical dynamical system in Eq. 15 is guaranteed. It is clear from Eq. 11 that
g ui 1  is radially unbounded which is independent of the radially unboundedness of f ui 1  .
Therefore, the equilibrium point of the dynamical system in Eq. 13 is globally asymptotically
stable. In other words, it converges to the equilibrium corresponding to vui 1   0 and thus
g u i 1   0 as in Eq. 1 for all initial values (or guesses) of u i 1 . Moreover, the tangent stiffness
matrix k T can be replaced by the constant stiffness matrix at ui01 to reduce the computational
i 1

expense of calculating J u i1  . The general idea of the this robust algorithmic development is

depicted in Fig. 1.
The general procedure for the proposed Lyapunov-based nonlinear solution algorithm is
summarized as follows:
1. Compute the Jacobian matrix using Eq. 12 dynamical systems;
2. Form the hypothetical dynamical system represented by Eq. 13 for dynamical systems;
3. Solve the set of equations for the hypothetical dynamical system using numerical
integration scheme starting from the initial condition (or guess). The hypothetical
dynamical systems of all the numerical examples in this paper are solved by the explicit
Dormand–Prince method [15].
Numerical Examples
Several numerical examples are presented in this section to compare the convergence behavior of
the regular NR algorithm and that of the proposed algorithm. The first set of examples is a 2-DOF
nonlinear dynamical system with bilinear force-deformation relationships (Fig. 2b) used to
compare the convergence behavior of the above-mentioned two nonlinear solution algorithms
under the excitation of ground motion (GM) input. The second example is a 1000-DOF system to
demonstrate the scalability of the proposed algorithm. For convenience, all units are omitted in
this section, where use of consistent units is taken into account set.

a)
b)
Figure 2. General multi-story shear building structure (a) with bilinear hysteresis relationship
of the story resisting force versus the story drift (b).
Two-DOF Nonlinear Dynamical System
In this section, the 2-DOF system ( n  2 in Fig. 2a) as in the previous section is simulated, i.e.,

m1  1 250 , k11  10, k21  1, Q1  9, m2  1 200 , k12  2, k22  1, Q2  2

(16)

The convergence behaviors of the regular NR and the proposed Lyapunov-based algorithms are
demonstrated and compared after time discretizing the governing equations by the implicit

Newmark integration with constant average acceleration. Fig.3 shows the displacements of the two
DOFs from the two algorithms for the GM with the SF of 3.0. Such selection of the SF enables the
2-DOF system to go into the nonlinear range. It can be seen that the time history responses obtained
from the two algorithms are almost on top of each other. The differences between peak
displacements of DOF 1 and DOF 2 for GM1 are 4 10 6 % and 0% , respectively. The perfect
match of the time history responses along with the small values of the error measure for the peak
response indicate that the accuracy of the proposed Lyapunov-based and that of the regular NR
algorithms are comparable.

a) DOF 1

b) DOF 2
Figure 3. Time history displacements for the 2-DOF dynamic example obtained from the two
nonlinear solution algorithms for GM2 with SF  3.0 .

To test the algorithms in situations experiencing possible problems of convergence, the SF
for GM is set as 7.5. Fig. 4 compares the obtained time history displacements from the two
algorithms. It is observed that the regular NR algorithm fails to converge at 19.00 sec, respectively,
while the proposed Lyapunov-based algorithm is able to simulate through the whole course. Fig.
5 presents the traces of equilibrium search for the two algorithms at problematic time steps where
the regular NR ends up with oscillating indefinitely that fails to reach a solution while the proposed
new algorithm converges to the solution smoothly. It is also noted that the obtained time history
responses from the two algorithms are the same up to the problematic time step. Therefore, as
shown in Fig. 5, the two algorithms start at the same initial guess, i.e., the response of the last time
step, for the problematic time step.

a) DOF 1
b) DOF 2
Figure 4. Time history displacements for the 2-DOF dynamic example obtained from the two
nonlinear solution algorithms for GM with SF  7.5 .

a) regular NR
b) Lyapunov-based algorithm
Figure 5. Traces of equilibrium search for the 2-DOF dynamic example using the two
nonlinear solution algorithms for GM2 with SF  7.5 .

Scalability
For any nonlinear solution algorithm, the scalability is very important. Considering that the
proposed algorithm generally takes more iterations to converge, it is recommended to begin a
simulation with the regular NR algorithm (or its variants, e.g., NR with line search), and then
switch to the proposed Lyapunov-based algorithm at the problematic step when problems of
convergence are encountered. Such switching is demonstrated by a 1000-DOF example ( n  1000
in Fig. 2a) under GM with SF of 4.5 with the parameters in Fig. 2b selected as follows:
mi  1 100 , k1i  200, k2i  10, Qi  10, i  1,,1000

(17)

Figure 6. Displacement time history of DOF #100 for the 1000-DOF example and its
corresponding problematic time steps.
Fig. 6 shows the obtained displacement time history of DOF #100 where the NR with line
search fails to converge at several time steps as denoted by the circles. At these problematic time
steps where adaptive switching of nonlinear solution algorithms is triggered, the equations of
motion are solved using the proposed Lyapunov-based algorithm instead. The nonlinear solution
algorithm is subsequently switched back to NR with line search. Therefore, the NR with line search
algorithm is reused for the simulation until another convergence difficulty is encountered. Such
switching [16] is readily available in OpenSees [17], which is the target scriptable finite element
analysis software platform where this proposed algorithm is planned to be implemented to
investigate more complex structural systems.
Conclusions
This paper proposes a Lyapunov-based solution algorithm for nonlinear structural analysis
problems involving static and/or dynamic loads. It is based on the reformulation of the equations
of motion into a hypothetical dynamical system characterized by a set of first order ODEs. The
equilibrium points of this hypothetical system are the solutions of the nonlinear structural problem.
Starting from the Lyapunov stability theory, it is theoretically demonstrated that this hypothetical

dynamical system is characterized by a global convergence to equilibrium points for structural
dynamics. This feature overcomes the inherent limitations of the traditional iterative minimization
algorithms and relaxes the restriction on the selection of the initial guess for various structural
nonlinear behaviors. Its accuracy and convergence performance are verified by several numerical
examples of structural statics and dynamics.
Considering that the proposed algorithm generally takes more iterations to converge, it is
recommended to begin a simulation with the regular NR algorithm (or its variants, e.g., NR with
line search), and then switch to the proposed Lyapunov-based one at the problematic step when
problems of convergence are encountered, where such adaptive switching is readily available in
the target implementation platform, i.e. OpenSees.
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