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ABSTRACT
The gradient inelastic (GI) beam theory and the corresponding force-based (FB) frame element
formulation have proven capable of eliminating the pathogenies of the classical beam theory and
conventional FB element formulations in the presence of softening material models. For FB
elements, these pathogenies include the lack of response convergence with mesh refinement (strain
localization), and instabilities and convergence failures of the numerical solution algorithm. In the
GI beam theory, macroscopic strains (appearing in the strain-displacement equations) at a given
location are associated with material strains (used in the constitutive relations) over the
vicinity/neighborhood of that location through a set of gradient nonlocality relations. From a
computational standpoint, this means that the calculation of macroscopic strains in the
neighborhood of the boundaries between adjacent two-node GI FB elements requires information
from both elements. Because adjacent elements have no access to the macroscopic section strains
of neighboring elements, multiple two-node GI elements cannot be used to simulate a single
structural member, which is often needed in cases of multiple concentrated loads or lumped
masses. This presentation introduces an innovative multi-node GI frame element formulation that
allows use of multiple nodes along a single member, and proposes suitable boundary conditions
for the macroscopic strain field. Computational evaluations of the proposed formulation show its
capability to generate objective responses and physically rational strain fields.
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conventional FB element formulations in the presence of softening material models. For FB
elements, these pathogenies include the lack of response convergence with mesh refinement (strain
localization), and instabilities and convergence failures of the numerical solution algorithm. In the
GI beam theory, macroscopic strains (appearing in the strain-displacement equations) at a given
location are associated with material strains (used in the constitutive relations) over the
vicinity/neighborhood of that location through a set of gradient nonlocality relations. From a
computational standpoint, this means that the calculation of macroscopic strains in the neighborhood
of the boundaries between adjacent two-node GI FB elements requires information from both
elements. Because adjacent elements have no access to the macroscopic section strains of
neighboring elements, multiple two-node GI elements cannot be used to simulate a single structural
member, which is often needed in cases of multiple concentrated loads or lumped masses. This
presentation introduces an innovative multi-node GI frame element formulation that allows use of
multiple nodes along a single member, and proposes suitable boundary conditions for the
macroscopic strain field. Computational evaluations of the proposed formulation show its capability
to generate objective responses and physically rational strain fields.
Introduction
In the presence of nonlinear material responses, force-based (FB) element formulations are
superior to the displacement-based formulations, as they strictly enforce the force equilibrium and
strain-displacement equations [1, 2]. When softening constitutive relations are used, however, the
conventional FB formulations fail to generate mesh-convergent (objective) responses and suffer
from instabilities and convergence failures of the numerical solution algorithm. Such pathogenies
result from discontinuities (and localization) of the strain field and the existence of multiple
solutions [3, 4]. To resolve these problems, the authors recently proposed the gradient inelastic
(GI) beam theory and a corresponding two-node FB frame element formulation [3, 5]. The GI
element formulation addresses the above problems by introducing gradient nonlocality relations
that associate the macroscopic section strains (used in the strain-displacement equations) at a given
location with material section strains (used in the constitutive relations) over the vicinity of that
location, yielding continuous macroscopic section strain fields [3, 5]. From a computational

standpoint, this implies that the calculation of macroscopic strains in the neighborhood of the
boundaries between adjacent two-node GI FB elements requires information from both elements.
Because adjacent elements have no access to the macroscopic section strains of the neighboring
elements, multiple two-node GI elements may not always be used to represent a single structural
member, which is often needed in cases of multiple concentrated loads or lumped masses. To
address this challenge, a novel multi-node GI frame element formulation that permits multiple
intermediate nodes over the length of a single member is introduced, and suitable boundary
conditions for the macroscopic strain field at the boundaries of adjacent GI elements are proposed.
Gradient Inelastic Beam Theory
The GI beam theory (in two dimensions) consists of the following equations [5]:
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where εo, ϕo, and γo are the macroscopic axial strain, curvature, and shear strain, respectively; uo,
θo, and vo are the axial displacement, the rotation of the cross-section, and the transverse
displacement, respectively; N, V, and M are the axial force, shear, and moment, respectively; and
eo, κo, and so are the material section axial strain, curvature, and shear strain, respectively; all at
the location x along the reference axis. Also, 0 ≤ x ≤ L, with L = element length. The subscript
“,xx” stands for the 2nd spatial derivative and the overdot represents temporal derivative. In

addition, f ms (.) represents the section constitutive relations, Ws is the total section energy density,
and lc is a characteristic length determining the extent over which locally induced damage spreads.
The boundary conditions (BCs) required to solve the nonlocality relations (Eq. 1) are selected to
enforce equal macroscopic and material section strain rates at the element ends as [5]:
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To solve the above equations, the element is spatially discretized into a number of
integration points (IPs) and the equations are solved numerically (see [3, 5]).
Multi-Node Gradient Inelastic Element Formulation
Although the BCs expressed in Eq. 3 have been proven effective in producing physically rational
strain fields over two-node elements simulating the entire member [2, 5], they are unsuitable, when
multiple two-node elements are used in series to simulate a single member, because they impose
equal material and macroscopic section strains at the connection nodes (i.e. within the member
length). In such case, multiple GI elements would produce responses that would differ based on
the number of elements, and would always be different from the predictions of a single GI element.
To address this shortcoming, in the proposed multi-node GI formulation, BCs that enforce equal
2nd and 3rd spatial derivatives of macroscopic section strains at the location of the intermediate
nodes (shared by two adjacent sub-elements) are selected:
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where i denotes the sub-element number (i = 2, 3, …, N, with N = the total of sub-elements), and
j denotes the j-th intermediate node. The discretized equations and their numerical solution
algorithm are not discussed here for brevity.
Evaluation Examples
Both the two- and multi-node GI element formulations have been implemented in the OpenSees
structural analysis framework [6]. Here, the proposed multi-node GI element formulation is
evaluated through analysis of a cantilever column under quasi-static cyclic lateral loading. In the
presentation, additional evaluation analyses, which have been skipped herein due to space
limitations, will be presented, such as analyses of a reinforced concrete (RC) chimney with
distributed mass subjected to earthquake excitation, and analyses of an RC frame with long-span
bays incorporating vertical point loads and subjected to earthquake excitation.
Cantilever Column under Cyclic Lateral Load
The examined column, its material stress-strain response, and the considered models for
comparison are shown in Figure 1. The column cross-sections are discretized into 40 layer fibers.
Three models are considered: Model 1 that simulates the column by a single two-node element,
Model 2 that simulates the column by four individual two-node elements, and Model 3 that
simulates the column by a single multi-node GI element with three intermediate joints. The number
of IPs for the single GI element in Model 1 is 17, while each element in Model 2 and each subelement in Model 3 consist of 5 IPs. The shear deformations are neglected in this example, and lc
is taken as 40 cm (= cross-section depth). All the models are subjected to constant vertical load (5
MN) and identical cyclic displacement histories at the top end.
The force-displacement responses and the material and macroscopic curvature
distributions at the lateral displacement of 200 mm, obtained from the three models, are compared
in Figure 2. It is observed that Model 2 predicts earlier strength deterioration compared to the other
two models, which predict identical responses, clearly demonstrating the validity of the proposed
formulation. Also, the macroscopic curvature distribution obtained from Model 2 exhibits larger
curvature at the bottom end of the column than obtained from the other two models, as a result of

the more localized response.
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Figure 1. (a) Examined column; (b) material stress-strain response; (c) compared models
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Figure 2. (a) Force-displacement responses; (b) material curvature distributions at displacement
of 200 mm; (c) macroscopic curvature distributions at displacement of 200 mm
Conclusions
A novel multi-node force-based gradient inelastic (GI) frame element formulation is introduced.
The proposed formulation can simulate the softening response of structural members discretized
into multiple sub-elements, avoiding the shortcomings of using multiple individual two-node GI
elements. The evaluation example showed the proposed element’s capability to produce objective
force-displacement responses and strain distributions identical to those of the single GI element.
These observations have been further confirmed for other numbers of intermediate nodes.
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